In this paper we prove several results on the existence of analytic functions on an infinite dimensional real Banach space which are bounded on some given collection of open sets and unbounded on others. In addition, we also obtain results on the density of some subsets of the space of all analytic functions for natural locally convex topologies on this space.
Introduction and definitions
The space of holomorphic functions on a complex Banach space has attracted the attention of many researchers, who have produced a lot of interesting results; see, for instance, the list of references in [7] . However, that is not the case for real analytic functions. The reason is, among other things, that in the real case there is no Cauchy integral formula and the Taylor series expansion does not necessarily converge, even pointwise, on the biggest possible ball. Nevertheless, as we are going to see here, most of the results for complex analytic functions obtained in [1^] and [8] can be also proved in the real case. To do this, we need that certain uniform limits on compact subsets of real analytic functions are analytic. While in the complex case the uniform limit on compact subsets of a sequence of holomorphic functions is also holomorphic, this is not true in the real case. As is well-known, any real periodic Lipschitz function on R (even not differentiable) is the uniform limit on R of its Fourier series, whose terms are analytic on R. In addition, some other new results are obtained.
Definition 1
Let X be a Banach space over K = K or C. Let n e N. A continuous mapping P : X -> IK is an n -homogeneous polynomial if there is a symmetn ric M-linear continuous mapping A : X" -> IK such that P(x) = A(x, .Y., x) for all x e X. If n = 0, the 0-homogeneous polynomials are the constants. As usual, V("X) denotes the space of all w-homogeneous polynomials on X, while V(X) denotes the space of all polynomials on X, that is, finite sums of homogeneous polynomials.
Definition 2 Let
U be an open subset of X. A function / : U -> IK is said to be analytic on U if for every xo e U there is a sequence (P")^L 0 , where P" eV( n X) for all n, such that CO f(x) = ^2 / P n {x -x 0 ) «=o uniformly on a neighborhood of xo contained in U. A(U) will denote the algebra of all analytic functions on U and to will be the compact open topology on A(U).
For the basic properties of real analytic functions see [5] or [12] . Each P n is the w-homogeneous polynomial associated to the n th -derivative of / at x 0 . If IK = C, the analytic functions are also called holomorphic and they are precisely the Frechet differentiable functions on U (see [10, Theorem 14.7] ); in this case we write H(U) instead of A(U).
Definition 3
Let X be a real Banach space with topological dual X*. Let X denote the Cartesian product X x X with the operations
for (x, y), (x', /) e X x X, a + if) e C. The space X is a complex Banach space endowed with the Taylor's norm:
I(x, y)I = sup{^(x) 2 + cp{yf : <p e X*, \\<p\\ = l}.
Every real polynomial P e V("X) has a unique complex extension P e V("X), given by 
where A is the symmetric w-linear mapping associated to P (see [9] or [11] ). In particular, every cp eX* can be extended to X by the formula <p(x,y) = <p(x) + i<p(y).
It is easy to see that ||£>|| = \\<p\\ (see [9, Proposition 3.1] or [11, Proposition 4] ). However, the situation concerning the extension of analytic functions is very different. It happens that not every analytic function on a real space X can be extended to its complexification. A simple example is the function / : R -> R, f{x) = ~^r{, which is analytic on R but cannot be extended to an holomorphic function on C.
The results
In this paper X will always be a real Banach space of infinite dimension. If S is a subset of X and / is a function on S, let \\f\\s = sup{|/(x)| : x e S}.lf x eX and r > 0, let B(x,r) = {y e X : \\y -x\\ < r} and B(x, r) = {z e X : \\z -(x, 0)| < r}.
Our aim here is to obtain some results on unbounded analytic functions on some open subsets of infinite dimensional real Banach spaces. The proofs, which need some particular techniques, will follow some ideas used in the proofs of similar results recently obtained in the complex case, most of them by the authors. See [1] [2] [3] and [8] .
We start with a proposition which gives a sufficient condition for a real function to be analytic. For n e N and x e X, let P n (x) = Re(Q n (x, 0)). Then P n e V( n X). For every x e B(xo,r) we have CO 
7(x,o) = £e"((*,o)-(*o,o))
and this series converges uniformly on B(XQ, r). D
Proposition 2 Lef £/ fee an open subset of X. The set of analytic functions on U which can be extended to some open subset ofX is r 0 dense in A(U).
Proof Every polynomial on X can be extended to X and by the Stone-Weierstrass theorem, V(X) is to dense in the space of all continuous functions on U, therefore in
A(U). a
In the proof of Theorems 1 and 4 we will use the next result on biorthogonal systems in Banach spaces, due to Dilworth, Girardi and Johnson: Proposition 3 (See [6] ) Let x 0 e X and cpo e X*. Then there are sequences (x")^= 1 c X and ((p n )™ =l c X* with the following properties: Proof By the Hahn-Banach theorem, there is cpo e X* such that | | <poll = 1 and <po(xo) = \\xo\\. Let (x")^L 1 c X and (<p")^L l C X* be biorthogonal sequences with the properties given in Proposition 3. Let C > sup ||x"||. For each neNU {0}, let cp n e X* the complex extension of cp". As xo ^ B(0, R), then T^ < 1, so there isaeN such that
As lim"^co cp" (z) = 0 for all zeX, the series is real analytic on X. On the one hand,
On the other hand,
To finish, it suffices to take the functions The ts topology was introduced by Nachbin [13] for the spaces of continuous functions. It is the bornological topology associated to to on A(U).
The following theorem shows, in particular, that it is impossible to write A(U) as a countable union of spaces Aj (U) and also gives a result on density. is analytic on £/ (note that U x {0} c J7). Now we are going to prove that / £ US£i ^4 (^)-Let ^ <= N.
Iv*,^ > ll/IUta,^)
By (c), (d) and (e), we obtain that ||/||y tJ = oo, so / does not belong to any of the spaces Ai k (U). If k e N and / e Aj k {U), then ||/||y t • < oo for all j. Therefore H/Hwjtj < oo for all j, so / e Hj k (U). This shows that Ai k (U) c Aj k (U) and, consequently,
Now we will see how A(U)\ \J k X)

=1 Aj k (U) is dense in (A(U), x) for every locally convex topology x on A(U). For each pair of natural numbers
Given a locally convex topology x on *4(£/), we will prove that A(U)\ Ujtii Aj k (U) is dense in (A(U), x) , so *4(£/)\ (Jjtli Ai k (U) will be also dense.
Let g e A(U), p be a continuous seminorm on (*4(£/), r) and e > 0. We can assume that g does not belong to
This means that there is k\ e N such that g e Aj k (U), that is, \\g\\w k j < oo for all j. Ifk > k\, then W k j c Wit!,;, so ||g||w k j < oo for every k > k\ and every j e N.
As 
^1.*!
Therefore,
/>(/)-T / + ^e^(C/)\|J^4(C/).
*=i
As pQi : e, we obtain that
The next theorem shows that there are real analytic functions that are arbitrarily small on a given ball and unbounded on a certain collection of balls. 
Moreover, as each
Bj is an open set, then \\x\\ < SJ for every x e Bj.
Let x\ e BI\BQ. Then Ro < ||xi|| < si, so there is mi e N such that ||xi II < s\ --.We define R\=si --, which satisfies
Ri > Ro. Since Ri < si < S2, there is X2 e B2 such that ^1 < 11*2 II < S2-Again, we take m.2 e N, m.2 > m\, such that ||x2|| < S2 -^-and we define R2 =
S2~±.
In this way, we get two sequences {xj)f =l C X and (Rj)JL 0 C K + with the following properties: Proof Using Proposition 1, the proof is similar to those in [8, Theorems 2 and 5] . In this case, the density result for the XQ topology follows from the density of V(X) in (A(X), to) by the Stone-Weierstrass theorem.
• Our last theorem is a real version of a result by Aron [4] , which has been the main motivation for most of the results in [1] [2] [3] 8] and in this paper. The part related with the density is proved for any locally convex topology on A(X).
We recall that the radius of boundedness of an analytic function at a point x is defined as r b f{x) = supjr > 0 : \\f\\ B (x,r) < oo}.
Theorem 4
There is an analytic function f : X -> R such that inf{r 6 /Cc): ||*|| = 1}=0.
(1)
Moreover, the set F = {/ e A(X): f satisfies property (1)}
is dense in (A(X), x)for every locally convex topology x on A(X).
Proof Given a locally convex topology x on A(X), let p be a continuous seminorm on (A(U), T), g e A(X) and e > 0. We have to prove that there exists f e F such that P(f -g) < e -We may assume that g £ F, so there is r > 0 such that Uglier) < oo for allx e X, \\x\\ = 1.
Let (x")^L 1 c X and (<p")^L l C X* be biorthogonal sequences with the properties given in Proposition 3. The sequences (y" = ]p?j[)£Li and (f" = \\x n \\cp n )™ =l give another biorthogonal system, \\y n \\ = 1 for every n and lim"^co ir n (x) = 0 for all x eX. For each »sN, let a" e N such that 2 a » \>1.
For each »sN, let i/f" be the complex extension of xjr n . As lim"^co ir n (z) = 0 for all z e X, the series CO CO n -\ k-n-\-\ converges uniformly on the compact subsets of X and so it defines a holomorphic function / on X. Then / : X ->-R given by /(x) = f(x, 0) is analytic on X.
Let n e N, n > -. On the one hand, •
